The braneworld model of gravity is well-known for several notable cosmological features such as self-acceleration originating from a geometric and not matter source, effective dark energy behavior with phantom characteristics but not leading to a Big-Rip singularity, rough resemblance to the ΛCDM evolution, etc. The dynamical system tools usually allow us to obtain generic conclusions on the global dynamics of a system over a wide range of initial conditions. With this motivation, in order to recover the important features of the braneworld model from a more global perspective, here, we investigate the global cosmological dynamics of the braneworld model using dynamical system techniques. We first analyze the case where there is just a normal matter on the brane and then extend the analysis to the case with an extra scalar field also trapped on the brane. In the presence of a scalar field, potentials belonging to different classes are considered. The stability behavior of critical points is examined using linear stability analysis and when necessary center manifold theory as well as numerical perturbation techniques are also used. To understand the global dynamics of a dynamical system, we utilized the Poincaré compactification method to capture the properties of all possible critical points. Applying dynamical system analysis, we found that brane gravity is consistent with observed actions of the Universe. In particular, our analysis shows that important cosmological behaviors like the long-lasting matter-dominated era, late time acceleration as well as the avoidance of Big-Rip singularity can be realized in brane gravity for a wide range of initial conditions.
I. INTRODUCTION
The accelerated expansion of the Universe as confirmed by various surveys and experiments [1, 2] has led to various possible theoretical explanations of this phenomenon. One approach is the introduction of an extra quantity called dark energy (DE) as the matter component of the Einstein field equation. The cosmological constant Λ with Lorentz invariant equation of state is the simplest and successful choice of DE in spite of some theoretical issues associated with it [3, 4] . Another frequently used form of DE is the dynamical scalar field which reproduces the cosmological constant behavior at late times. Scalar field models are well motivated by the low-energy limit of some well-known high-energy theories like the string theory. They could also play an important role in solving problems associated with inflation, dark matter besides DE. For a review on different cosmological DE models see [5, 6] . The story so far on various aspects of DE candidates is summarized in an excellent recent work by Brax [7] . Another intriguing paradigm to explain the accelerated expansion of the Universe is by modifying the geometrical side of the Einstein field equations. This opens the way for a plethora of modified gravity theories which are theoretically and observationally interesting for sensitive and precise surveys (see [8] [9] [10] for reviews).
One of the well developed and extensively studied modified gravity settings, motivated by the superstring and M-theory is the concept of an extra dimension known as braneworld. In a braneworld, the observable universe is a lower dimensional hyperspace known as the 'brane' is embedded in a higher dimensional space called the 'bulk'. While all the standard model fields are assumed to be trapped on the brane, only gravity can propagate to the bulk. In this theory, the bulk dimension orthogonal to the brane is not compact and could even be of infinite length. This makes it different from the Kaluza-Klein construction. Braneworld theories usually lead to notable cosmological consequences. For example, one of the popular braneworld models is the Randall-Sundrum (RS) model [11, 12] , which modifies gravity at small scales and has an impact on the early inflationary universe. Interestingly, in the RS model, the inflaton field may survive till the present universe and plays the role of quintessence field [13, 14] . Another well-known braneworld model is the Dvali-GabadadzePorrati (DGP) model which modifies gravity at large scales and has an impact on the late universe [15] [16] [17] . In this model, the accelerated expansion of the late universe can be explained as a result of the leakage of gravity into the bulk without introducing DE [18, 19] .
A general brane gravity based model was introduced by Sahni and Shtanov [20] and discussed in detail in Refs. [21] [22] [23] [24] . In specific limits, this model reduces to RS or DGP models, or just to the case of general relativity (GR). The main motivation of this model is the existence of cosmological solutions which are phantom-like but do not lead to any instabilities such as Big-Rip singularity. It is worth mentioning that phantom DE is slightly favored by some recent observations [1, 2, 25, 26] but the standard phantom scalar field is plagued by such instabilities. Apart from the phantom behavior, this braneworld model also leads to other cosmological surprises like the early and late time unification (Quintessential Inflation), transient acceleration, quiescent future singularity, cosmological loitering, cosmic mimicry property (mimicking the ΛCDM model at late times); for a brief summary of important features of this braneworld model see [27, 28] . This braneworld model has been also used to address galactic rotational curves as an alternative explanation to dark matter [29] . The analysis of this braneworld model at the perturbation level beyond the quasi-static approximation shows a significant difference from the ΛCDM model [22, 23, 30, 31] . Interestingly, the expansion rate of the Phantom brane is slower than the ΛCDM which allows the braneworld to fit with measurements of Hubble rate reported in [26, 32, 33] . Further, the stability analysis of large-scale structures within this braneworld framework along with the presence of bulk cosmological constant was performed in [34] . A confrontation of this model with various distance measures from SNe type-Ia and BAO observations, as well as compressed CMB data to constrain model parameters have been performed in [35] . These distance measures signal the consistency of extra dimensions with present astronomical probes.
Dynamical systems techniques are useful tools to study the complete qualitative dynamical behavior of a cosmological model, without analytically solving the highly non-linear set of differential equations. In this approach, one has to extract all possible critical points lying at the finite region of the phase space as well near infinity (if the phase space is not compact). To capture possible critical points near infinity, the Poincaré compactification method which maps all points near infinity to points on the boundary of the Poincaré sphere is usually used [36] . For some recent work where these methods of dynamical systems have been used, a reader can refer to Refs. [37] [38] [39] [40] . The story so far on the applications of dynamical systems in DE and modified gravity models have been summarized in a recent comprehensive review by Bahamonde et al. [41] .
Dynamical evolution of different braneworld models like the RS model and DGP model has been studied using the dynamical systems tools before. For instance, the analysis of the RS model in Friedmann Robertson Walker (FRW) and Bianchi type background was analyzed in Refs. [42, 43] . Various papers have studied the cosmological dynamics of RS and DGP model in the presence of scalar field with an exponential potential [44] [45] [46] . These works have been extended to various classes of potentials [47] [48] [49] . Dynamical systems analysis for the general braneworld model have been performed in the absence of scalar field in [50] but no such study has been conducted in the presence of an extra scalar field. Moreover, in all previous work, a global analysis of the stability of critical points at finite as well as the infinite regime has not been carried out using the more advanced tools of dynamical systems.
In this work, we shall perform the global analysis of cosmological dynamics of the generic braneworld model using dynamical systems methods. We shall first analyze the case where there is just a normal matter on the brane, and then extend the analysis to the case with an extra scalar field also trapped on the brane. In the presence of scalar field, we consider only a class of scalar field potentials, V (φ), where the potential parameter
can be written explicitly as a function of another potential parameter
. This method has been quite successful in determining the dynamics of cosmological models for general potentials (for some recent work see Refs. [39, 40, 47, 51] ). Further, in order to comprehend the cosmological dynamics, we consider three concrete potentials as examples. It is observed that the potential plays a major role in the late time behavior of the universe. It is worth mentioning that the results obtained in the present work match with the ones reported in previous literature. However, by employing the dynamical systems tools in the present work gives a general conclusion on the cosmological dynamics for a generic choice of initial conditions. Thus, the main scope of the present work is to provide a preliminary test of this braneworld model for further investigation.
The organization of the paper is as follows: In Sec. II, we briefly review the basic equations of the braneworld model introduced in [20] and also form the autonomous system of differential equations for a spatially flat homogeneous and isotropic universe. In Sec. III, we first analyze the cosmological behavior of the braneworld model without any scalar field. In Sec. IV, we determine the stability and cosmological behavior of critical points for three types of potentials: IV A for potential with Γ(s) = 1 for all s, IV B for potential with Γ(s) = 1 for some s and IV C for potential with Γ(s) = 1 for any s. The cosmological implications of the braneworld model are highlighted in Sec. V. Finally, the conclusion is given in Sec. VI.
II. GENERIC BRANEWORLD MODEL
The total action of the braneworld model is given by [20] 
where R 5 is the scalar curvature corresponds to the metric g ab (a, b = 0, 1, 2, 3, 4) of the five-dimensional bulk, and R 4 is the scalar curvature corresponding to the induced metric h µν (µ, ν = 0, 1, 2, 3) on the brane. The symbol L(h µν , ψ) denotes the Lagrangian density of the four-dimensional matter field ψ which is restricted to the brane and interact only with the metric h µν . The scalar K = K µν h µν is the trace of the symmetric tensor of the extrinsic curvature K µν = h
To be in line with current observations, the brane is assumed to be homogeneous and isotropic characterized by Friedmann-Robertson-Walker (FRW) metric
where k = −1, 0 or +1 while a(t) is the scale factor and t is the cosmological time. Using the metric (9), one can obtain from Eq. (3), the following modified Friedmann equation [19, 20] 
where H =ȧ a is the Hubble parameter, l defined in (4) is the crossover length characterizing the transition between 4 dimensional and 5 dimensional gravities, ρ is the total energy density of the matter fields on the brane and C is the constant corresponding to the symmetric traceless tensor C µν which stands for the dark radiation term. The term k a 2 corresponds to the spatial curvature on the brane. The "±" signs in Eq. (10) correspond to two different branches of the braneworld solutions. Here the lower sign "−" corresponds to the normal branch and the upper sign "+" corresponds to the self-accelerating branch.
In what follows, we will investigate the cosmological evolution of the model in a flat normal branch embedded in a flat bulk spacetime with vanishing bulk cosmological constant and without dark radiation (i.e. k = 0, Λ = 0 and C = 0). We also consider the case where the brane tension σ is taken to be positive. The negative brane tension usually demands the negative kinetic energy term leading to the ghost instability [54] [55] [56] [57] . The cosmological equation (10) then reduces to
or, equivalently
Note here that the difference from the Friedmann equation in GR with a cosmological constant comes from the terms with l, which slow down the relative expansion rate. This difference disappears in the limit where the bulk piece in the action (1) vanishes and consequently l → ∞. The conservation equation of matter energy density is given byρ
where p denotes the matter pressure and the over dot denotes derivative with respect to t. The above cosmological equations are complemented by the acceleration equatioṅ
In order to determine the energy density contribution of different components, we define the following relevant energy density parameters viz. the relative matter energy density and the relative energy densities due to the brane gravity effects (Ω σ and Ω l ), respectively:
The different relative energy density parameters are defined in such a way that they are related as
through Eq. (11) . It may be noted that there is a possibility that Ω l and Ω σ range outside the interval [0, 1]. In particular, for attractive gravity in the bulk and on the brane (l > 0), thus for an expanding universe we have from Eq. (15), Ω l < 0. From the same relation, we may define the effective energy density and pressure of the universe as
Then the overall effective equation of state (EoS) is given by
related to the deceleration parameter q as
For accelerated universe, we have the condition q < 0 or w eff < − 1 3 . For an expanding universe, l > 0, and normal matter with ρ ≥ 0 and p ≥ 0, the effective barotropic index can not be phantom-like, w eff ≥ −1, and superacceleration is not possible,Ḣ < 0. The limit w eff → −1 is reached for dust matter (p = 0) in the asymptotic future of the DE dominated era.
If we define the effective energy density and pressure of DE on the brane as follows [58] 
then the effective EoS of DE w DE = p DE /ρ DE is defined as
This result explains how in the late times when Ω mat < 1 and w eff → −1, the brane construction manifests itself as phantom DE, w DE < −1. Of course, describing the brane effects in terms of a dark fluid is just a mathematical device. For example, since the relative densities of the brane effects scale differently in H, see Eq. (15), and Ω l < 0, the dark energy barotropic index w DE will undergo a singularity at H = σl 6m 2 [24] . However, such abrupt change in the behavior of the dark fluid does not cause an anomaly in the expansion of the universe and the overall effective barotropic index evolves smoothly. In the same context one may also note that during the earlier stages of the cosmological evolution when |Ω l | > |Ω σ | it happens that Ω mat > 1 [24] , meaning that in the first part of the matter domination era the dust matter appears to be relatively overdense, when compared to the ΛCDM evolution.
In the following two sections, we will analyze the cosmological behavior of the above braneworld model in the case where there is no scalar field and the case where a scalar field is trapped on the brane.
III. STABILITY ANALYSIS AND COSMOLOGICAL BEHAVIOR OF CRITICAL POINTS WITHOUT SCALAR FIELD
In this section, we will first consider the case where there is no scalar field and the background fluid only consists of barotropic matter with energy density ρ mat and pressure p = wρ mat present on the brane (i.e. ρ = ρ mat ). Then the conservation equation (13) becomeṡ
where w is the EoS of matter (−1 ≤ w ≤ 1). In order to study the qualitative behavior of the model, we convert the above discussed cosmological equations into an autonomous system of equations. Then we shall use the dynamical system tools to properly extract the cosmological behavior of the model by analyzing the asymptotic behavior of critical points of the obtained autonomous system without digging into an almost impossible task of finding the analytical solution. It may be noted that cosmologically, a critical point represents the era for which the universe spent sufficient amount of time. Hence, we introduce the following set of dimensionless phase space variables to recast the above cosmological equations into an autonomous system of differential equations
It may be noted here that the choice of variables plays a crucial role in determining the behavior of the model as different variables capture different aspects of the dynamics. For instance, for the case of the RS model, m = 0, and thus the variable y is undefined. Hence, the analysis of the autonomous system here does not cover the RS model and different dimensionless variables have to be considered (see Refs. [43, 50] ). Using these dimensionless variables (23) , the cosmological equations (12), (14) and (22) can be converted to the following autonomous system:
where prime denotes differentiation with respect to a dimensionless variable N = ln a. Here, we should remark that since the variables x and y differ from each other by a constant factor in (23), strictly speaking, the dynamics of the system is one dimensional. This property can be traced back to the fact that the original dynamical variables H and ρ are related via the Hubble constraint, Eq. (12). However, presenting the cosmological equations as the two-dimensional system (24)- (25), helps us to keep track of the relative energy densities in a simple way, and capture the evolution of a whole family of models on a single 2-dimensional plot.
In terms of the variables (23), the relative matter energy density parameter, the relative energy density parameters due to the brane gravity, the overall effective EoS and the effective EoS of DE are respectively given by
The physical requirement condition ρ mat ≥ 0 constrains the variables (23) to satisfy the inequality
Thus, the two dimensional phase space of the system (24)- (25) is given by
In order to obtain the qualitative behavior of the model governed by the system of equations (24)- (25), we need to extract the critical points of the system by equating the left-hand side of equations to zero. The system is then perturbed in a neighborhood of each critical point and the stability of a critical point is determined by the nature of eigenvalues of the corresponding perturbed (Jacobian) matrix. According to the definition of y in (23), the points with y > 0 correspond to a positive value of H (expanding universe), while points with y < 0 correspond to the negative value of H (contracting universe). However, the system (24)- (25) is invariant under the transformation y → −y. Hence, from physical as well as a mathematical point of view it is sufficient to analyze the system only for positive values of y. In the following two subsections, we will analyze the behavior of the critical points of the system (24)- (25) in the finite and infinite regions of the phase space.
Analysis of finite critical points
For this case, there are only one critical point A 1 (0, 0) and one set of critical points A 2 (x, √ 2x + 1), with x ≥ 0.
• The critical point A 1 corresponds to a matter dominated universe (Ω mat = 1, w eff = w), it is an unstable node with eigenvalues • The set of critical points A 2 corresponds to an accelerated universe with the energy density dominated by the brane contribution (w eff = −1, Ω σ = 2x + 1, Ω l = −2x, Ω mat = 0). The one-dimensional set has only one zero eigenvalue and this type of set of critical points is known as a normally hyperbolic set (in general, it is an n-dimensional set of nonisolated critical points containing n zero eigenvalues). The stability of this set depends on the signature of the nonzero eigenvalues [59] . For this set, since the only nonzero eigenvalue is −3(1 + w), hence it is a late time attractor. This can also be seen numerically by plotting the phase trajectories of the system as shown in Fig. 1 
(a).
The dynamics of the system is depicted on Fig. 1 . The phase portrait 1(a) illustrates the properties of the fixed point A 1 and fixed set A 2 . Trajectories in the outer left region y 2 > 2x + 1 correspond to ρ < 0 and those on the negative side of the x-axis correspond to repulsive gravity (l < 0). Therefore, they are not physically relevant but are shown for the sake of completeness (see Eq. (28)). The Figs. 1(b) and 1(c) present a numerical plot of the evolution of one particular solution with dust matter (w = 0), showing the relevant energy density parameters and the EoS parameters against the redshift z = −1 + a0 a , where a 0 represents the present value of the scale factor (taken to be equal to 1). Recall that redshift z = 0 represents the present time of the universe, while z = −1 represents its infinite future.
From the above, we see that the viable dynamics of this model is very simple. The Universe starts evolving from the vicinity of a decelerated matter dominated era (point A 1 ) and reaches an accelerated era dominated by the brane gravity effects (set A 2 ). Fig. 1 (c) shows how at some moment during the evolution of the universe the effective EoS of DE (w DE ) diverges, but this does not cause any disturbance since the overall effective EoS (w eff ) remains finite and smooth. As explained at Eqs. (21) and (26), it is possible to have w DE < −1, but w eff ≮ −1. Exactly this is happening, in the late stages, the effective DE is effectively phantom as it converges to a cosmological constant regime w DE → −1 from below. In this late epoch, DE dominates over matter density. In the phase space, the points on the set A 2 correspond to the condition Ω σ + Ω l = 1, realized by different values of the model parameters σ, l, and characterized by the Hubble expansion rate
Any particular model with given σ, l is described by a single trajectory in the phase space, but the same trajectory can arise from different suitable combinations of the model parameters σ, l. By studying only the expansion history an observer can not uniquely determine the values of σ and l, but sees only their combined effect. Further, Figs. 1(b) and 1(c) also illustrate an interesting feature how for l > 0 the matter domination era begins with relative matter overdensity, Ω mat > 1 , balanced by the effective contribution of the brane gravity, Ω σ + Ω l < 0. The relative matter overdensity grows to a maximum value and then starts to drop, passing through Ω mat = 1 at the moment when the brane effects cancel each other, Ω σ = −Ω l , and w DE diverges [24] .
We note that the phase space (28) corresponding to the dynamical system (24)- (25) is non-compact. Hence, there could be some critical points with interesting cosmological features in the infinite region of the phase space which are non-trivial from the global analysis perspective. In order to extract the cosmological behavior of those points, in what follows we shall analyze the behavior of the system near infinity too.
Analysis of critical points near infinity
For the analysis of critical points near infinity for the system (24)- (25), we have to extend our analysis using the Poincaré central projection method [36] . The main idea of this method is to identify points near infinity of R n with points on the surface of the sphere S n−1 known as the Poincaré sphere. The behavior of the system on the Poincaré sphere gives the complete picture of the dynamical system in R n . This method has been used extensively in the analysis of the global phase space of several cosmological models (see for e.g. [37, 60, 61] ).
For this we introduce the following Poincaré coordinates x r , y r defined as:
Employing these new coordinates, the dynamical system (24)- (25) transforms to
where R r = x r 2 + y r 2 . It can be seen that the system (31)- (32) is invariant under the transformation y r → −y r . Further, using the physical requirement condition ρ mat ≥ 0, the constraint (27) can be written in terms of Poincaré variables as
Hence, the phase space of the system (31)- (32) is given by
Point xr yr Ωmat Ωσ Ω l w eff wDE λ1 λ2 Table I . This point exhibits a stiff matter dominated solution w eff = 1 and Ω mat → +∞. Hence, this point is not viable for a late universe. By linearizing the system near this point, it can be seen that this point is nonhyperbolic with a 1-dimensional stable manifold. The phase space trajectories of the system (31)(32) are shown in Fig. 2 , it is found that trajectories in vicinity of point A ∞ approach the boundary of the semicircle of circle x 2 r + y 2 r = 1 which contains point A ∞ . The solution which evolves from a matter dominated point A 1 towards a point A ∞ is unique and corresponds to the absence of brane tension (y r = 0). This behavior can also be illustrated by plotting the projections of the system (31)-(32) on x r , y r axes as shown in Fig. 3 . Since the point is nonhyperbolic, the stability of such a point is usually analyzed using the center manifold theory. However, since this point is not of cosmological interest we will not study it further and present it only for the sake of completeness. Thus, from the above analysis, we can summarize that the viable cosmological behavior can be described only by the finite critical points.
IV. STABILITY ANALYSIS AND COSMOLOGICAL BEHAVIOR OF CRITICAL POINTS WITH SCALAR FIELD
In this section, we will consider the case where the background fluid consists of barotropic matter along with the scalar field φ trapped on the brane. Scalar fields are very simple to deal with and can play a useful role in the cosmological dynamics capable to mimic the cosmological constant at late times. They are used to describe inflation and explain the possibility of the graceful exit from the inflationary era. The energy density and pressure of the scalar field are respectively given by
Here, V (φ) is the self-interacting potential for the scalar field φ. The total energy density is then given by ρ = ρ mat + ρ φ and hence the cosmological equations (12) and (14) can be written as
We also assume that the energy densities for scalar field and matter are separately conserved given bẏ
where
is the EoS for scalar field φ. Combining (35) and (38) , the evolution equation of the scalar field is then given byφ
We now introduce the following set of dimensionless phase space variables
to recast the above cosmological equations into an autonomous system of differential equations:
TABLE II: The function f (s) and s * for some common quintessence potentials.
where we have defined
Different potentials will give different expression of the function Γ. For instance, the exponential potential is a simple and widely studied example with Γ = 1 for any s. In order to close the system (42)- (46), in this work we consider only the potentials where Γ can be written as a function of s explicitly. Since both Γ and s are functions of φ, so in principle one can possibly relate them, i.e. if s(φ) is invertible we obtain φ(s) and hence we can write Γ as function of s. This assumption is valid for a wide class of scalar field potentials considered in the context of cosmology (see e.g. [38, 41] ). In Table II , we present some important quintessence potentials along with expressions of the function f (s) and values of s * (here s * is the solution of equation f (s) = 0).
In terms of the variables (41) the relative scalar field energy density, the relative matter energy density, and the relative energy densities due to the brane gravity effect (Ω σ and Ω l ), as well as the overall effective EoS and the effective EoS of DE are respectively given by
Note that, here scalar field, as well as brane gravity terms, contribute to DE. The different relative energy density parameters are connected by the relation
The physical requirement condition ρ mat ≥ 0 constrains the variables (41) to satisfy the inequality
and hence the five dimensional phase space of the system (42)- (46) is given by
Similar to the case in the Sec. III, from the definition of y and v in (41), the points with y > 0 and v > 0 correspond to a positive value of H (expanding universe), while points with y < 0 and v < 0 correspond to a negative value of H (contracting universe). However, the system (42)- (46) is invariant under the transformation y → −y and v → −v. Hence, we will focus only upon the positive values of y and v (expanding universe). It is also noted that the analysis of this model coincides with the analysis of DGP case [46] by setting the variable (42)- (46) and values of the relevant cosmological parameters.
Here
(w + 1) Tables III and IV) . Out of all six critical points, only the set of critical points B 4 corresponds to an effect from brane gravity corrections. The critical point B 1 and the set B 4 are independent of the choice of potential for their existence, however, the stability of B 4 depends on the choice of potential. The critical points B 2± , B 3 and B 5 depend on the choice of the potential and the number of copies of these points runs as the number of solutions s * of f (s) = 0 . Throughout the paper, we use the notation df to denote the derivative of f with respect to s. We now briefly discuss the stability and the cosmological behavior of the critical points listed in Table III. • The critical point B 1 corresponds to an unaccelerated matter dominated universe (Ω mat = 1, w eff = w) even though the effective DE is undetermined. • The critical points B 2± correspond to stiff matter like solutions (w eff = 1) dominated by the kinetic term of the scalar field. This point does not correspond to an accelerated universe. Point B 2+ is a past time attractor if s * < √ 6 and df (s * ) < 0 otherwise it is a saddle, whereas point B 2− is a past time attractor if s * > − √ 6 and df (s * ) > 0 otherwise it is a saddle. Fig. 4 depicts the region in (s * , df (s * )) parameter space for which these points behaves as saddle and unstable node.
• The point B 3 corresponds to a scalar field dominated solution and exists for s 2 * < 6. It corresponds to an accelerated universe for s 2 * < 2. From the nature of eigenvalues, this point is always a saddle for s * = 0 and any value of w (since λ 2 < 0 and λ 3 , λ 4 > 0) which is contrasting with its stability behavior in standard GR case. However, it is a nonhyperbolic point for specific potential with s * = 0, in which case one has to apply center manifold theory. For simplicity, we postpone the analysis to the case of a specific potential.
• The brane gravity dominated solution described by the set B 4 corresponds to an accelerating universe.
It is non-hyperbolic in nature, so linear stability theory fails. Hence, further investigation is required to determine the dynamical behavior of the center manifold near this set. The complete stability analysis near the center manifold of a set B 4 is presented in the appendix A 1 along with the detailed stability conditions. Although this set is independent of the choice of the potential for its existence, however, it can either behave as a saddle or stable set depending on the values of s c i.e. on the choice of potential and on the barotropic fluid's equation of state w. Since the stability conditions of points on this set depending on the choice of potential (see Appendix A 1), we shall further find the conditions of the specific potential parameters by analyzing for a specific choice of the potential. Note that this set of critical points also appears in the case without scalar field implying the generic behavior of the value of x c , unlike s c , which depends on the choice of scalar field potential.
• The critical point B 5 exists for s 2 * < 3 and s * = 0. It corresponds to a scaling solution where the DE density scales as the background energy density. Usually, a scaling solution can alleviate the coincidence problem, however, this point corresponds to an unaccelerated solution while the Universe expands as if it is matter dominated (w eff = w). From Table IV , it can be seen that for any choice of w and s * , the real parts of the eigenvalues λ 1 and λ 2 cannot be both positive (see Fig. 5 ) but the eigenvalues λ 3 , λ 4 are both positive. Hence, the point B 5 is a saddle in nature and thus corresponds to an intermediate period of the Universe.
We have also checked that as in the case of absence of the scalar field, the system contains only one point near infinity with stiff matter domination. However, since this is not interesting from the late time perspective, we will not analyze its stability in detail. As the behavior of few finite critical points depends on the choice the potential, it is, therefore, better to analyze the dynamics of the system (42)-(46) for some specific choice of the potential. In the remaining part of this section, we consider three choices of the potential as examples which belong to three distinct categories:
• The potential where Γ(s) = 1 for all s for e.g. the exponential potential.
• The potential where Γ(s) = 1 for some values of s for e.g. the hyperbolic potential.
• The potential where Γ(s) = 1 for all values of s for e.g. the inverse power-law potential.
In this section, we consider the potential
where V 0 and λ are constants of suitable dimension. It is worth mentioning that this is the only potential belonging to the category of potentials where Γ = 1. Apart from its mathematical simplicity, the exponential potential of the scalar field model can be motivated from fundamental theories such as String theory/ M-Theory. Exponential potential has been also considered to model the cosmological inflationary period [67] . For this choice of the potential, the variable s is fixed (i.e. s = λ) and hence the system (42)- (46) reduces to four dimensions. Since the critical point B 1 is independent of the choice of the potential, hence the stability and cosmological behavior remain the same as in the general potential case. Stiff matter dominated critical points B 2± are past time attractors if ±λ < √ 6, otherwise they are saddles. The scalar field dominated critical point B 3 exists for λ 2 < 6 and corresponds to an accelerated universe for λ 2 < 2. However, for this potential, this point is always a saddle in nature, hence it cannot describe the late universe. As we have seen for the general potential case, the accelerated, brane gravity dominated set of critical points B 4 is non-hyperbolic in nature. Since for this potential, the variable s is constant, hence from the analysis in the appendix A 1, we can conclude for w = 0 case,this set always behaves as a late time attractor for any choice of λ. However, for w = 0, the points on this set behaves as stable points if w xc+1 > 0. This result is interesting as it shows how the matter content affects the brane gravity domination over late time universe. As we have seen in the general potential case, the scaling solution B 5 corresponds to an unaccelerated solution and it is saddle in nature for any values of λ and w.
Thus depending on the choice of the model parameters, the universe evolves from a stiff matter dominated era B 2± (Ω φ = 1, w eff = 1) towards an accelerating era dominated by the energy density due to the brane effects B 4 (Ω σ + Ω l = 1, w eff = −1) either through a matter domination B 1 (Ω mat = 1, w eff = w) or unaccelerated scaling solution B 5 or DE dominated solution B 3 (Ω φ = 1, w eff = −1). Moreover, it can be seen that for the case w = 0 without any fine-tuning of initial conditions and model parameters, the late time transition from matter domination towards an accelerated brane gravity dominated solution is obtained. An example trajectory which describes the evolution of the Universe from a stiff matter like solution (points B 2± ) to a matter dominated epoch (point B 1 ) and then eventually towards an accelerated brane gravity solution B 4 is shown numerically in Fig. 6 . As in the case of the absence of the scalar field, Fig. 6(b) shows that w DE diverges but the overall effective equation of state (w eff ) remains finite. Moreover, in Fig. 6(b) it can be seen that the effective DE eventually evolves as phantom DE in future time (w DE < −1) without converging to the cosmological constant value, unlike in the case of the absence of the scalar field. We can conclude that the effective behavior of this braneworld model mimics the cosmological dynamics of the ΛCDM model in the future time, even though it exhibits a phantom DE component, there is no danger of a Big-Rip singularity, since the overall w eff converges to −1.
B. Hyperbolic potential
In this case, we consider the potential V = V 0 cosh −µ (λφ) where V 0 , λ are constants of suitable dimension and µ is a dimensionless constant. This potential belongs to an α-attractor family of potential which can lead to a DE tracker model with a late time cosmological constant behavior from a wide range of initial conditions [68, 69] . Moreover, this potential has been also introduced to describe the evolution of the universe from scaling to de Sitter like attractor through spontaneous breaking mechanism [64] . For this potential, we have
hence s * = ±µλ and df (s * ) = 2s * µ = ±2λ.
Since the critical point B 1 is independent of the choice of the potential, its behavior is same as in the case of the general potential. However, each of the critical points B 2+ , B 2− , B 3 and B 5 appear with two copies associated 2+ is unstable node when µλ < √ 6 and λ < 0, otherwise they are saddles. The scalar field dominated critical points B ± 3 exist when µ 2 λ 2 < 6 but correspond to an accelerated universe when µ 2 λ 2 < 2. However, both points are saddles in nature for any choice of the parameters µ, λ and w, hence they cannot describe late time universe. The stability of a nonhyperbolic set of critical points B 4 depends on the value of potential variable s (see appendix A 1). Since for this potential f (s) = 0 for some s i.e. for s = ±µλ. Hence, points (x c , √ 2x c + 1, 0, 0, s c ) on the set B 4 are behaving as a late time attractor for s c = ±µλ with µ > 0 and w xc+1 ≥ 0. This is important as it depicts the role of potential parameters µ and λ complementing and influencing the brane gravity effects on the late time universe. The critical points B ± 5 correspond to unaccelerated scaling solutions but behave as if they correspond to matter dominated universe (w eff = w). Both these points exist for µ 2 λ 2 < 3 but they are saddles for any choice of parameters µ, λ and w (already discussed in the general potential case). Fig. 7 shows the effect of brane gravity correction towards late time universe by plotting the evolution of relevant cosmological parameters. One such trajectory depicting the evolution of the Universe starting from a stiff matter phase (points B 2± ) passing through towards a long-lasting matter dominated point B 1 and then eventually settling to a brane gravity ruled critical set B 4 mimicking the cosmological constant (w eff = −1). Therefore, as in the case of an exponential potential, the effective behavior of this braneworld model mimics that of the ΛCDM model in the future time, even though it exhibits a phantom DE component.
Finally, we consider the case of powerlaw potential V = V0 φ n where V 0 is a constant of suitable dimension and n is a dimensionless constant. The inverse powerlaw potential is well known for its tracking property where the scalar field with this potential tracks as the background dominant counterparts at any given cosmological time and ultimately dominates to lead to late time acceleration [63] . This potential has been also considered for inflation [70] . For this potential, the function f (s) = s 2 n (i.e. Γ = 1) and hence s * = 0. In this case, the point B 5 does not exist. Since the critical point B 1 is independent of the choice of potential, its behavior remains the same as in the case of the general potential. Stiff matter dominated critical points B 2± always behave as past time attractors. For this potential, the scalar field dominated point B 3 always corresponds to an accelerated solution for any choice of the model parameters. Unlike the potential where s * = 0, this point is nonhyperbolic in nature. The detailed analysis of the center manifold theory is given in the appendix A 2. From the analysis, it shows that this point is a saddle in nature. As we have seen in the general In both panels, we take the potential V = V 0 cosh −µ (λφ) with µ = 2, λ = 1 and w = 0. potential case, the nonisolated critical set B 4 arising from the brane gravity effects is also nonhyperbolic. For this potential, f (s c ) = 0 for nonzero s c , hence the set B 4 is then behaving as a saddle. However, for s c = 0, the center manifold theory cannot extract the exact stability behavior of this set.
From the above analysis, we see that there is no generic late time attractor. Fig. 8 depicts the evolution of the universe from a stiff matter dominated era B 2± (Ω φ = 1, w eff = 1) towards an accelerating era dominated by the energy density due to the brane effects B 4 (Ω σ + Ω l = 1, w eff = −1) through an intermediate era of matter domination B 1 (Ω mat = 1, w eff = w). Note that as the accelerated brane dominated phase is represented by a saddle set of critical points, the Universe will remain in this phase for a finite period of time.
In summary, the analysis performed above for three different potentials gives rise to contrasting results in late time universe for a physically interesting case of dust matter, w = 0. For the exponential potential, the cosmological constant behavior due to brane gravity correction given by B 4 (x c , √ 2x c + 1, 0, 0, s c ) describes the late universe independent of initial conditions and choice of the model parameters. For the hyperbolic potential, the same behavior appears at the late time but with a specific choice of model parameters (i.e. µ > 0). However, in the case of inverse power-law potential, the late time behavior of the Universe cannot be successfully explained even though the Universe evolves towards a de Sitter phase with brane gravity correction for a finite period of time.
Further, in each potential case, it can be verified that there is a possibility for Ω mat > 1 during an early matter-dominated era, similarly to the cases without an extra scalar field. Hence, the unusual property that the relative matter density can fluctuate above the critical value during the matter domination period is a generic phenomenon in the brane gravity model.
V. COSMOLOGICAL IMPLICATIONS
In this section, we try to summarize the cosmological behavior of the braneworld model analyzed above. The cosmological dynamics of the braneworld model contains some interesting solutions with viable phenomenology such as matter domination, the effective phantom behavior of DE, cosmic mimicry, late time brane gravity effect. In what follows, we shall discuss each aspect separately:
• Matter dominated era: This cosmic era corresponds to an unaccelerated intermediate stage of the Universe.
It is characterized by a long-lasting matter-dominated phase (Ω mat = 1) with an effective EoS w eff = w. In this braneworld model, the matter dominated universe is represented by a critical point A 1 which behaves as an unstable node and B 1 which is saddle in nature. The matter dominated era is an important cosmic era as it is responsible for large-scale structure formation. In both models, a long-lasting matter dominated phase is smoothly followed by an accelerated DE dominated phase which is in agreement with the observed cosmological dynamics.
It is also observed that the model permits a bit unusual feature of relative matter overdensity, Ω mat > 1, during early matter domination era. This occurs when the effective energy density due to dark energy components, i.e. Ω σ + Ω l or Ω σ + Ω l + Ω φ (in the presence of scalar field) is negative. This seems to be a generic phenomenon in brane gravity models, and it provides an important signature in view of astronomical observations.
• Phantom behavior of DE : The phantom behavior of DE corresponds to the solutions where w DE < −1, which is achieved only by a problematic phantom field in standard GR. Usually, in such a scenario, the fate of the Universe is a Big-Rip singularity at a finite time in the future. However, the braneworld overall effective matter description does not violate the weak energy condition, p eff + ρ eff ≥ 0. This behavior can be seen from Figs. 1(c), 6(b) where the effective EoS of DE encounters a singularity (i.e. w DE → ±∞) but the effective EoS of the usual matter and brane gravity correction combined, w eff , remains finite and evolves towards −1. Hence, within the brane gravity scenario, a Big-Rip singularity is avoided even though the DE is phantomlike in the future time (see Fig. 6(b) ).
• Cosmic mimicry: One of the important features of the braneworld model is that in future time the Universe expands as described by the ΛCDM model [31] . This property of the braneworld model is known as cosmic mimicry. For example in the presence of a scalar field Fig. 6 shows a transition from a stiff matter dominated solution (points B 2± ) towards an unaccelerated matter dominated solution (point B 1 ) and eventually to an accelerated phase due to the brane gravity effects (set B 4 ), mimicking a cosmological constant behavior at late times (w eff = −1). In the absence of a scalar field, however, the Universe evolves directly from a matter dominated phase towards an accelerated phase due to the brane gravity effects (see Figs. 1(b), 1(c) ). Therefore in all the cases, a smooth transition from matter domination towards an expanding de Sitter solution occurs and hence this braneworld model roughly evolves as the ΛCDM model.
• Brane gravity effects: The brane gravity effects are characterized by dynamical variables x and y. The brane gravity effects are significant when the expression y 2 − 2x is nonzero i.e. when Ω σ + Ω l dominates the energy contribution (see Figs. 1(b), 6(a) ). In both cases, the brane gravity corrections are represented by the critical sets B 4 or A 2 . From the analysis, we see that both sets A 2 and B 4 are the only accelerated late time attractors mimicking the cosmological constant. Hence, the brane gravity plays a crucial role in the late time universe. It may be mentioned that due to the brane gravity effects, the braneworld model behaves as a phantom model and hence it is referred to as Phantom brane (see Figs. 6(b), 7(b) ).
• Observational signature: The braneworld model analyzed in this paper resembles the behavior of the ΛCDM in the future times at the background level. This is illustrated numerically as in Figs. 1(c), 6(b), 7(b) where the effective EoS evolves smoothly from 0 to −1. However, as discussed above, the braneworld model possess a phantomlike behavior but without any Big-Rip singularity problem. It was also found that this braneworld model shows a significant deviation from the concordance model at the perturbation level [23] . Hence, this scenario will indeed give distinct observational features with respect to the ΛCDM model and can thus in principle compared with astronomical observations.
VI. CONCLUSION
In this work, we have studied the cosmological dynamics of a general braneworld model in the presence of scalar field for a wider class of potentials as well as in the absence of the scalar field by employing the dynamical system techniques. The stability analysis of critical points is handled by using the combination of linear stability analysis and center manifold theory. Moreover, in order to have a complete picture of the cosmological dynamics from the global perspective, we have extended our analysis of critical points near infinity. For this, we have employed the Poincaré central projection method (Sec. III 2). However, critical points obtained in the infinite region are not of any cosmological interest.
In the absence of a scalar field, the dynamics of the model is very simple. It consists of one point A 1 which is behaving as a past time attractor and a set of critical points A 2 behaving as a late time attractor. For any choice of the parameters and initial conditions, the Universe starts evolving from a long-lasting matter dominated phase towards a late time accelerated phase due to the brane gravity effects. Hence, the cosmological dynamics of this model mimics that of the ΛCDM model at the background level. It is also noted that the effective DE evolves as the phantom field but eventually converges to the cosmological constant value, w DE = −1.
In the presence of a scalar field, we have first studied the case for a wider class of potentials. The study for a wider class of potentials is well motivated by the low energy level of high energy physics. In the presence of a scalar field, for the case of a general potential (see Sec. IV), we followed the approach by considering the quantity Γ (cf. Eq. (47)) as a function of variable s (cf. Eq. (41)). However, to have a better picture of the dynamics we consider three potentials as examples belonging to three distinct categories: the exponential potential, the hyperbolic potential and the inverse power-law potential. In all the cases, we obtained one additional critical set of points B 4 which is not present in the GR context. This actually implies the contribution of the brane gravity corrections towards late time acceleration. In all cases, we obtained a matter dominated critical point (point B 2 ) which is crucial for explaining the structure formation at the background level.
For the exponential potential case (see Sec. IV A) with a broad choices of the model parameters and initial conditions, the universe starts evolving from a stiff matter dominated points B 2± (w eff = 1) towards the only late time brane gravity dominated solution (set B 4 ) with w eff = −1 through a long-lasting matter dominated point B 1 (w eff = w). This can also be seen numerically from Fig. 6 . For the hyperbolic potential, the cosmological evolution is similar to the case of exponential potential but unlike the case of the exponential potential, a finetuning of the model parameters are required to describe the late time behavior of the universe (see Fig. 7(b) ). We also note that, in the case of the inverse power-law potential, the model cannot successfully describe the late time behavior of the Universe. Thus, the scalar field potential plays a crucial role in determining the late time behavior of the universe. Moreover, in all cases, we see that in late times the effective DE behaves as a phantom DE but the evolution of the Universe mimics that of the ΛCDM model and avoids the future Big-Rip singularity. This is a common behavior of the braneworld theory, hence this result from the dynamical system perspective supports the earlier work (see [20, 71, 72] ).
In conclusion, we found that the braneworld model gives contrasting results with and without a scalar field for the early universe. It also gives rise to differences in late time behavior in the presence of a scalar field for different potentials. While, in the absence of scalar field the universe evolves directly from matter domination, in the presence of scalar field the universe starts from stiff matter dominated epoch. Strictly speaking, a stiff solution in which the speed of sound equals the speed of light is not physically viable at the classical macroscopic level. However, this solution may be relevant only in the early universe as they play a vital role in the spectrum of relic gravity waves which stems during inflation [73] .
On the other hand, it seems that the unusual behavior of the matter energy density parameter, i.e. Ω mat > 1 during matter domination era, is a generic phenomenon of this brane gravity model, with or without an extra scalar field. This can imply interesting observational signatures and perhaps could have something to do with the puzzle of the EDGES signal for the 21 cm hyperfine transition line of neutral hydrogen [74] . However, the discussion on the full implications of this phenomenon still remains for further work.
Even though this model mimics the ΛCDM well at background level, it was shown that there is a possible deviation at the perturbation level [23] . This might lead to further interesting signatures for the present and future observations. It would, therefore, be worthwhile to further analyze the evolution of cosmological perturbations and the behavior of matter density perturbations by using dynamical system techniques. Such analysis will give a general conclusion over a wide range of initial conditions for perturbations. However, such analysis is beyond the scope of the present work and we leave it for the future work as well. 
The next step is to transform the system to Jordan form as
where (α, β) ∈ R c × R s with f and g satisfying f (0, 0) = 0, Df (0, 0) = 0, g(0, 0) = 0, Dg(0, 0) = 0.
Here A is a c × c matrix corresponding to zero real part eigenvalues, B is a s × s matrix corresponding to non-zero negative real part eigenvalues and Df is the Jacobian matrix of f . In order to form a new basis of the Jacobian matrix of B 4 , we introduce a new set of variables given by In order to solve Eq. (A12), we substitute the values of A, B, f , h and g into it and we compare equal powers of (U, V, S) to obtain the approximation of h(U, V, S). After comparing equal powers of U, V, S from both sides of Eq. (A12), the only non zero constants are: 
i.e. 
In what follows we analyze the dynamics near the center manifold determine by equations (A16)-(A18) for the case of w = 0 and w = 0 separately: a. Case I: w = 0
• If f (s c ) = 0 for all s c i.e. f = 0, then the variable s is constant (i.e. exponential potential). So, the following two dimensional system will determine the dynamics
In such a case, the set B 4 behaves as a stable set.
• If f (s c ) = 0 for any nonzero s c then the second order approximation will determine the nature of stability. The set B 4 is behaving as a saddle for this case. However, if s c = 0, then it is stable if f (0) > 0.
• If f (s c ) = 0 for some s c the set B 4 will be stable if s c df (s c ) > 0, it is behaving as a saddle if s c df (s c ) < 0. 
In such a case, the set B 4 behaves as a stable set if 
where g 1 , g 2 , f 1 , f 2 and f 3 are polynomials of degree greater than two in (X, Y, U, V, S) with
f 2 (X, Y, U, V, S) = − V 4(1 + V ) 2 w √ 6Y U − 2 √ 6Y U + 6 w S 2 + w U 2 + 6 w V 2 + 12 w XV + 6 w X 2 +6 w Y 2 + 6 S 2 − U 2 + 6 V 2 + 12 XV + 6 X 2 + 12 w X − 6 Y 2 + 12 X ,
f 3 (X, Y, U, V, S) = − S 4(1 + V ) 2 w √ 6Y U − 2 √ 6Y U + 6 w S 2 + w U 2 + 6 w V 2 + 12 w XV + 6 w X 2 +6 w Y 2 + 6 S 2 − U 2 + 6 V 2 + 12 XV + 6 X 2 + 12 w X − 6 Y 2 + 12 X .
